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Abstract
We give a negative answer to the conjecture of Hermann [On the operator of Bleimann, Butzer and Hahn,
in: J. Szabados, K. Tandori (Eds.), Approximation Theory, Proc. Conf., Kecskemét/Hung., 1990, North-
Holland Publishing Company, Amsterdam, 1991, Colloq. Math. Soc. János Bolyai 58 (1991) 355–360] on
Bleimann–Butzer–Hahn operators Ln . Our main result states that for each locally bounded positive function
h there exists a continuous positive function f defined on [0,∞) with Ln f → f (n → ∞), pointwise on
[0,∞), such that
lim sup
x→+∞
f (x)
h(x) = +∞.
Moreover we construct an explicit counterexample function to Hermann’s conjecture.
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1. Introduction and preliminary results
In 1980, Bleimann et al. [6] introduced the operators Ln (n = 0, 1, . . .) defined by
Ln( f ; x) = 1(1 + x)n
n∑
k=0
(
n
k
)
xk f
(
k
n + 1 − k
)
, x ∈ [0,∞), (1)
for all functions f defined on [0,∞). Their properties were studied in many papers [1–18]. As was
already shown in [6] the operators Ln approximate bounded continuous functions on [0,∞).
In 1985, Jayasri and Sitaraman [9] proved that limn→∞ Ln f = f , pointwise on [0,∞), for all
f ∈ C[0,∞) of polynomial growth.
In 1990, Hermann [8] introduced the function class
H := { f ∈ C[0,∞) : log(| f (x)| + 1) = o(x) (x → +∞)} (2)
and proved the pointwise convergence limn→∞ Ln f = f on [0,∞), if f belongs toH. Moreover,
for the exponential function f (x) = ex with some  > 0 there holds limn→∞ Ln( f ; x) = +∞,
provided that x is sufficiently large ([8, Theorem 1], see also [9, Remark]). This led Hermann to
the following conjecture.
Conjecture 1 (Hermann, 1990 [8]). If f ∈ C[0,∞) and Ln f → f , pointwise on [0,∞), then
f ∈ H.
In a recent paper [4], the authors determined the exact domain of convergence of Ln( f ; x) for
the exponential function f (x) = ax (a > 1) by showing that
lim
n→∞ Ln(a
t ; x) = ax iff x ∈
[
0,
1
a − 1
)
[4, Theorem 3.1]. As a by-product of their results, they also confirmed [4, Theorem 3.3] that f ∈ H
is a sufficient condition for the pointwise convergence of Ln f to f and proved that Hermann’s
conjecture is true for monotone functions.
The purpose of this note is to give a negative answer to Hermann’s conjecture by constructing
a counterexample function f satisfying limn→∞ Ln f = f , pointwise on [0,∞), while growing
arbitrary fast on a certain unbounded subset of [0,∞). Moreover, we give an explicit function fˆ
with Ln fˆ → fˆ (→ ∞) pointwise on [0,∞), which is not an element of Hermann’s classH.
2. A counterexample to Hermann’s conjecture
Theorem 1. Let h be an arbitrary locally bounded function defined on [0,∞) with h(x) > 0 on
[0,∞). Then there exists a positive continuous function f with
Ln f → f (n → ∞), (3)
pointwise on [0,∞), such that
lim sup
x→+∞
f (x)
h(x) = +∞. (4)
306 U. Abel, M. Ivan / Journal of Approximation Theory 160 (2009) 304–310
The special choice h(x) = exp(x) is sufficient to prove that Hermann’s conjecture is wrong.
Indeed, let (x) := max{1 − |x |, 0} be the hat function defined on R. Define
fˆ (x) :=
∞∑
m=1
mem(80m4(x − m) − 2).
Note that fˆ is well-defined because the functions
m(x) := (80m4(x − m) − 2),
have pairwise disjoint (closed) supports [m + 180 m−4,m + 380 m−4].
In particular, we will prove that
lim sup
x→+∞
fˆ (x)
exp(x) = +∞. (5)
The following theorem claims that fˆ provides a counterexample to Hermann’s conjecture.
Theorem 2. There holds Ln fˆ → fˆ (n → ∞) pointwise on [0,∞), while fˆ is not an element of
Hermann’s classH.
We stress the fact that Theorem 1 is deeper than Theorem 2. It not only shows that Hermann’s
conjecture is wrong, but tells us that the family of functions f : [0,∞) → R satisfying Ln f → f
(n → ∞) pointwise on [0,∞) cannot be characterized via a growth condition with respect to a
dominating function.
3. Auxiliary results and proofs
For the sake of brevity, we put I := [0,∞) and denote the nodes in (1) by xn,k := k/(n+1−k),
for k = 0, . . . , n and n ∈ N.
The following estimate is essential for the proof of Theorem 1.
Lemma 3 (Jayasri and Sitaraman, 1993 [10, Lemma 2.3]). Let x > 0 and n ∈ N. For each 
satisfying 0 < x , there holds the inequality
(1 + x)−n
∑
k
|k/(n−k)−x | 
(
n
k
)
xk2 exp
(
− n
2
16x(1 + x)2
)
.
We will apply it in the following slight variant.
Lemma 4. For x > 0 and n ∈ N, there holds the inequality
(1 + x)−n
∑
k
xn,k  2x
(
n
k
)
xk3 exp
(
− nx
16(1 + x)2
)
.
Proof of Lemma 4. Note that the condition xn,k2x is equivalent to
k
2x
2x + 1(n + 1).
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By using Lemma 3 with  = x and the obvious inequalities
log
x
1 + x < −
1
1 + x < −
x
16(1 + x)2 ,
we get
(1 + x)−n
∑
k
xn,k  2x
(
n
k
)
xk  (1 + x)−n
∑
k
xn−1,k  2x
(
n
k
)
xk +
(
x
1 + x
)n
 3 exp
(
− nx
16(1 + x)2
)
. 
Furthermore, we need a lower bound for the distance of different nodes.
Lemma 5. Let n ∈ N. Then two different nodes xn1,k1 and xn2,k2 with 0ki ni < n (i = 1, 2)
have a minimal distance
|xn1,k1 − xn2,k2 |n−2.
Proof of Lemma 5. In the case xn1,k1  xn2,k2 we have
|xn1,k1 − xn2,k2 | =
∣∣∣∣ k1n1 + 1 − k1 −
k2
n2 + 1 − k2
∣∣∣∣ =
∣∣∣∣ k1(n2 + 1) − k2(n1 + 1)(n1 + 1 − k1)(n2 + 1 − k2)
∣∣∣∣

1
(n1 + 1 − k1)(n2 + 1 − k2)
1
(n1 + 1)(n2 + 1)n
−2. 
Proof of Theorem 1. Without loss of generality we can assume that h is non-decreasing with
h(0) > 1. Choose an increasing sequence (m)∞m=0 in ( 12 , 1) with limm→∞ m = 1. Put
x :=

1 − 
and, for m ∈ N,
am := m · h(xm ) and bm := m + m log am .
Choose intervals Im ⊂ (xm−1 , xm ) such that
xn,k /∈ Im for all k = 0, . . . , n and all nbm . (6)
Let  :=⋃∞m=1 Im . We claim that
min
{
n : xn,k ∈  and k
n + 1 > m
}
> bm . (7)
That follows since k/(n + 1) > m implies
xn,k >
m(n + 1)
n + 1 − m(n + 1) =
m
1 − m = xm .
Therefore, xn,k ∈ I with  > m is possible, by (6), only if n > b > bm .
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We proceed in constructing a non-negative function f satisfying the requirements of the theorem.
Positiveness can be achieved by considering f + 1 instead of f.
Let us fix an arbitrary inner point tm in each interval Im (m ∈ N). Define a non-negative function
f ∈ C(I ) with f (x) = 0, for all x ∈ I \ , such that
f (tm) = m · h(tm), (8)
and
sup
x∈Im
f (x)m sup
x∈(xm−1 ,xm )
h(x) = mh(xm ) = am, (9)
for m ∈ N. Eq. (8) immediately implies relation (4).
It remains to prove that f satisfies (3). Obviously, Ln( f ; 0) = f (0). Choose now a point x > 0
and keep it fixed. We show that
Ln( f ; x) = (1 + x)−n
∑
k
xn,k∈
(
n
k
)
xk f (xn,k),
converges to f (x) as n → ∞. Since x → +∞ ( → 1 − 0) there exists an integer m0 such that
x2x for all m0 . (10)
Then we have
Ln( f ; x) = (1 + x)−n
m0∑
m=1
∑
k
xn,k∈Im
(
n
k
)
xk f (xn,k)
+(1 + x)−n
∑
m>m0
∑
k
xn,k∈Im
(
n
k
)
xk f (xn,k)
=
∑
1
+
∑
2
,
say. Because supp f ⊆  it is clear that ∑1 = Ln( f ; x), where  is the characteristic function
of the interval [0, xm0 ]. By (10), we have x ∈ [0, xm0 ]. Since f  is bounded and continuous on
I (note that f (xm0 ) = 0), the first term
∑
1 tends to f (x) as n → ∞. Using (9), the second term∑
2 can be estimated by
∑
2
 (1 + x)−n
∑
m>m0
bm<n
am
∑
k
xn,k∈Im
(
n
k
)
xk,
where the condition bm < n follows by (6). We remark that the first sum in the right-hand side of
the latter inequality has only finitely many terms different from zero.
Note that each node xn,k ∈ Im can be written in the form
xn,k = x with  =
k
n + 1 ∈ (m−1,m).
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By (10), all nodes xn,k ∈ Im for m > m0 satisfy xn,k2x . Hence, application of Lemma 4 yields∑
2
3
∑
m>m0
bm<n
am exp(−2qn),
with
q = x
32(1 + x)2 .
Now, we obtain∑
2
3 e−qn
∑
m>m0
am exp(−qbm).
Since am exp(−qbm) = a1−qmm e−qm and, because of am > m1,
lim
m→∞ a
1−qm
m = 0,
we obtain
∑
2
3 e−qn O(1) e
−qm0
1 − e−q .
Therefore,
∑
2 tends to 0 as n → ∞. 
Proof of Theorem 2. In the proof of Theorem 1 put m = 1 − 1/(m + 2). Then we have xm =
m/(1 − m) = m + 1,
am = mem+1 and bm = m(m + 2 + log m).
Furthermore, let Im = (m,m + 120 m−4). This guarantees the inclusion Im ⊂ (xm−1 , xm ) =(m,m + 1), and Lemma 5 implies that
xn,k /∈ Im for all k = 0, . . . , n and all nbm,
because xm,m = m and bm < m(2m + 2)4m2. As an inner point of the interval Im we choose
tm = m + 140 m
−4.
Now we consider m(x) := (80m4(x − m) − 2) which is a function continuous on [0,∞) with
(closed) support [m + 180 m−4,m + 380 m−4] ⊂ Im . Therefore,
fˆ (x) :=
∞∑
m=1
memm(x),
defines a non-negative function fˆ ∈ C(I ) satisfying the conditions in the proof of Theorem 1. It
follows that Ln fˆ → fˆ (n → ∞) pointwise on I. Furthermore, we have
fˆ (tm) = memm(tm) = mem(0) = mem .
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Hence, we obtain
e−tm fˆ (tm) = me−1/(40m4) → +∞, (m → ∞),
which proves Eq. (5). Furthermore, because tm = m + O(m−4) as m → ∞, we conclude that
log(| fˆ (tm)| + 1) = log(mem + 1) ∼ m + log m + O(m−1 e−m)
= tm + log tm + o(1), (m → ∞).
Therefore, fˆ does not satisfy the condition
log(| fˆ (x)| + 1) = o(x), (x → +∞),
which characterizes the elements of Hermann’s classH. 
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